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Abstract
A major shortcoming to interval uncertainty approaches in computational mechanics is the lack of
an interval field to represent uncertainty. This paper introduces the supervised interval field (SIF),
a model to quantify spatially and temporally dependent uncertainty using machine learning. We
introduce deep learning model architectures that are used to develop the SIF for domains of any
dimension using deep recurrent neural networks. We demonstrate how to unify the SIF with the
Interval Finite Element Method (IFEM) and show an experiment using soil layer data.
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Introduction

The analysis and design of complex engineering systems is exposed to a great number of uncertain
parameters in the system inputs. Insufficient modeling of these parameters can lead to inaccurate and/or
disastrous expectations of the system’s performance [1–3]. In the context of computational mechanics,
random fields [4, 5] have been widely used within a probabilistic framework in order to model the spatially
and temporally dependent uncertainty in the system. Despite its widespread adoption, random field
theory is inadequate for cases where there is significant epistemic uncertainty and/or not enough data to
select a distribution [6–8]. Under such cases, non-probabilistic approaches such as interval models have
been employed to model both aleatory and epistemic uncertainty.
One of the main drawbacks within the non-probabilistic interval framework is, unlike random fields,
not being able to model spatially- or temporally-varying uncertainty in the system. Given this limitation,
the spatially varying uncertainty is modeled by assigning the same interval variable over the entire domain.
Therefore, the Interval Finite Element Method (IFEM) solution can be overestimated because it does not
account for parameter dependency in the field [9]. As a result, interval field models have been recently
proposed [10–12] in order to model spatially-varying dependency within the interval model framework.
Nonetheless, the interval field methods proposed are limited in their applicability and scalability.
Consequently, this paper introduces the supervised interval field, a data-centric model to quantify
spatially and temporally dependent uncertainty using machine learning integrated with the IFEM. In
computational mechanics, the prime applications are for spatially-varying material uncertain properties
and uncertain time-varying loading. In order to account for the uncertain properties, machine learning
models are presented that are able to represent the spatial and temporal dependencies in the data.
Once the predictions of the machine learning model are obtained, the supervised interval field is formed,
discretized, and integrated in one framework with the IFEM. The proposed method is capable of extending
to domains of any Eucledian dimension and it’s independent of the finite element mesh discretization.
Numerical experiments are conducted using soil layer data in order to model spatially-varying material
uncertainty with the proposed interval field. We demonstrate that our method more accurately predicts
the actual measured data (ground truth) of the soil material properties. In addition, the presented
method can be used in multiple engineering applications, scales, and data types.
Our contribution is as follows: (1) our method reduces the field parameter dependency conservatism
by using the proposed interval field (SIF); (2) extension of our method to any domain dimensionality;
(3) introduction of machine learning methods that work well with computational mechanics applications;
(4) provide an interval enclosure for machine learning model predictions; and (5) bridge the gap between
engineering and machine learning.
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Related Work

The first to incorporate the concept of spatially varying uncertainty within IFEM was Moens et al [13–
15] through different methods. In [14] an interval field concept was developed which allowed to use
dependency between elements, which is otherwise not possible using interval parameters. To that end,
two methods were introduced: The Local Interval Field Decomposition (LIFD), and the Inverse Distance
Weighting Interpolation (IDW). For LIFD, the dependency parameters are determined from a gradient
method developed by Imholz et al, which defines the dependency between parameters as the maximum
gradient that can occur between them. In this definition, perfect dependency corresponds to a zero
gradient and perfect independency corresponds to the maximum gradient between parameters. The
dependency parameters are discretely defined at each element of the mesh—thus the dimensionality of
the interval field equals the numbers of elements in the mesh. The discrete values for the dependency
parameters are determined by a smooth second-order polynomial function presented in [14]. For the IDW
method, the base functions needed for the interval field are determined and spatially selected based on
prior engineering knowledge.
The pitfalls for the Moens et methods are as follows: The LIFD is computationally expensive as the
dimensionality of the uncertainty equals the number of elements in the mesh. Additionally, the theoretical
arguments for the determination of the dependence are not fully justified. The IDW is computationally
cheaper, and could produce good results where enough a-priori domain engineering knowledge is available.
As a result, expert hand-engineering would be required to produce good results thus rendering it nonscalable. Also, both methods were only presented for 1D cases.
Wu et al [12] developed a hybrid method for static FE analysis (X-UISS method) that combines
random fields and intervals fields. It has an algorithm that easily extends to 2D and 3D domains. For
the interval field implementation, the X-UISS method defines the upper-bound U B and lower-bound LB
functions from the extrema of a set of measurements at a spatial coordinate x. Then, the U B and LB
of measured points are linearly interpolated between the x points where data is unavailable. Then, the
conventional IFEM [16] procedure is implemented using the linearly interpolated values for the domain.
The pitfall of this method is that it is computationally expensive by having to solve both Stochastic Finite
Element Method (SFEM) and IFEM methods but more importantly because it uses linear interpolation
between data points, which is an oversimplification of the spatial uncertainty variability in a domain.
More recently, Sofi et al [10, 11] developed a 1D interval field approach for IFEM which uses the extra
unitary interval (EUI) in order to reduce the overestimation of the IFEM due to mutual dependency.
In contrast to the Hybrid method by Wu et al. and the LIFD method by Moens et al., the dimension
of uncertainty does not depend of the FE mesh size of the model. However, their underlying interval
field method is based on a closed-form solution of a determinate beam or an approximate solution for
statically indeterminate beams. A general EUI method for 2D and 3D domains under general boundary
conditions has not been developed to the authors’ knowledge.
In the area of machine learning, work that seeks to include data dependencies in the prediction includes
speech and image recognition, among others that make predictions on sequential data. We borrow some
of these ideas for the present work and present our own contributions in order to quantify the uncertainty.
To our knowledge, our work presents the first application of machine learning to model interval fields for
spatial and temporal dependency.

3

Background

A brief introduction to the different theories and techniques used in this paper follows.

Supervised Learning (SL) Supervised learning [17, 18] seeks to learn a predictive model f : X → Y
in some n-dimensional Eucledian space Rn , given a set of training examples. In order to achieve this
goal, the SL model is trained using the X inputs (features) with known Y outputs (target values). This
composes the training set T = (X, Y ) where X ∈ Rn is the feature space and Y ∈ Rd is the output space.
More specifically, the set of feature vectors X is used as input to the SL algorithm, which produces at
each instance an output fˆ(xi ). During training the algorithm reduces the difference between the true
target yi and its prediction fˆ(xi ) by minimizing a loss function L(Θ), such as squared loss, for parameters
Θ. Following the training phase, the testing phase uses feature instances not present during training and
it predicts fˆ(xi ) using the learned model without access to its targets yi . After successfully testing the
algorithm, the ultimate goal of SL is to generalize to predictions of unseen data where target values are
not available.
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Deep Recurrent Neural Networks Recurrent neural networks (RNN) are extensions to neural networks used for sequential data [19]. For a sequence of inputs (x1 , · · · , xN ), a recurrent neural network
(RNN) computes a sequence of outputs (y1 , · · · , yN ) using a recurrence equation at every time step
ht = fW (ht−1 , xt )

(1)

In Eq. 1, ht ∈ Rn is the new hidden state of the RNN, fW is a function with weight parameter matrix
W , ht−1 is the previous hidden state, and xt is the input vector at time t. RNNs can be represented
as a deep multilayer model and are generally optimized using gradient-based methods. Vanilla RNNs
have the pitfall of exploding gradients due to long-term dependencies in the data when processing long
sequences [19]. Long short-term memory [20] (LSTM) units are used to build the deep RNN network (or
deep LSTM network) to bypass this problem.
Long Short-Term Memory Units Long short-term memory (LSTM) [20] units are designed to process and predict sequential data while addressing the numerical shortcomings of the exploding gradients
in vanilla RNNs [21]. In order to do so, LSTMs maintain a memory cell state ct along with the hidden
state ht at every time t. At each time t, the LSTM can choose to remember or forget information by
using the following gating mechanisms, and shown on Fig 1. When combined in a deep architecture, deep
LSTM networks are a formidable machine learning predictive model [19, 21].
Random Fields Random fields [4] are generalizations of random processes where the random variable
x ∈ R and θ is the outcome of the random phenomenon H(x, θ). Random fields are used to represent
the spatial variation of a system property by a random variable defined over the region on which the
variation occurs.
Stochastic Finite Elements In the context of computational mechanics, random field theory has
been adopted with the Finite Element Method (FEM) to form the Stochastic FEM (SFEM) [5] in order
to find the response of a stochastic system. In particular for most SFEM problems, the Random Field
is Gaussian and discretized through a Kauhunen-Loève expansion, while the response is found with a
polynomial chaos expansion. Together this procedure is known as the spectral approach to SFEM [5].
Interval Finite Elements The Interval Finite Element Method (IFEM) is a numerical analysis method
that describes the uncertainty by using interval valued parameters. IFEM is used in situations where a
probabilistic characterization of the system is not possible. The IFEM finds guaranteed upper and lower
bound enclosures of the response [16].

4

Methods

4.1 Supervised Interval Field
We now present the first data-centric approach to generate interval fields using supervised machine
learning (SL) models. Up to this point, spatially- and temporally-varying uncertainty in computational
mechanics is modeled using the probabilistic framework of the SFEM and, to a lesser extend, with
non-probabilistic frameworks using IFEM. Both approaches require direct prior knowledge about the
uncertain properties as a global value for the domain in question. To do so, SFEM uses a random field to
distribute the variability of the uncertain property (with prior mean µ and standard deviation σ), while
IFEM uses interval bounds obtained from the measurement devices the obtained the data. The recently
proposed interval field techniques [10–12, 14] also require some direct information about the uncertain
properties for the domain and the spatial variability is determined in a number of ways, some of which
are probabilistic in nature.
On the other hand, once trained, the SIF only requires data in the form of features in the subspace of
the domain where we must find the uncertain properties (i.e., the target values)—given that the model
has been trained on enough data. In this fashion, we are able to predict the uncertain properties without
making assumptions on its probability distribution, such as would be the case with a Random field.
In order to develop the SIF, the trained models presented in Sections 4.1.1 are used to obtain a
prediction at each spatial coordinate x in the domain. Interval uncertainty bounds can be obtained with
expert knowledge or directly from the measuring devices [22]. In this work, interval bounds are set at
10% for the experiments.
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4.1.1

Deep LSTM Network

Deep LSTMs are the driving force behind recent advancements in time-dependent applications such as
speech recognition [23], time series prediction [24], and image captioning [25]. Using deep LSTMs, a
model can learn to extract complex abstractions as sequential data representations. Additionally, using
deep LSTMs can allow for direct inference on images, which can be very helpful for structural health
monitoring and other applications where image data are routinely obtained.
In order to obtain the hidden state vector representation at time t, each of the gates in the LSTM
units performs the following computations:
it = sig(Whi ht−1 + Wxi xt )
ft = sig(Whf ht−1 + Whf xt )
ct = ft

ct−1 + it

tanh(Whc ht−1 + Wxc xt )

(2)

ot = sig(Who ht−1 + Whx xt + Wco ct )
h t = ot

tanh(ct )

where the it , ft , ot are the input, forget, and output
gates, respectively. The sig(·) and tanh(·) are the logistic sigmoid activation function and hyperbolic tangent
function, respectively. The weight matrices are represented by the recurrent weight matrices Wh and the
input-to-hidden weight matrices Wx . Fig. 1 shows a
diagram of an LSTM unit.
To train the model, we use the Adam optimizer [26]
and add dropout regularization [27, 28] to prevent overfitting.
Figure 1: LSTM cell architecture

4.1.2

XGBoost

This section presents Extreme Gradient Boosting (XGBoost), a state-of-the-art ensemble algorithm that is broadly easier to implement than deep LSTMs while
being a robust predictor. Nonetheless, unlike deep LSTMs, XGBoost as well as many SL algorithms do
not explicitly handle spatial or temporal dependencies. Hence, we present it to use as comparison with
the deep LSTM model and because it can be valuable for some engineering SIF applications.
Ensemble algorithms work by combining different models in order to reduce the overall variance and
bias of the prediction. The most popular ensemble methods are bagging [29] and boosting [30]. In
Bagging, different models or different algorithms are combined in a way that reduces the variance of the
prediction, while in Boosting, different weak models are combined to reduce the overall bias and variance
of the prediction. For regression problems, generally an average of the learners is taken as the final
prediction for each instance.
XGBoost is a tree ensemble algorithm that uses CART regression trees [31] as its base learner. XGBoost [32] was introduced in 2014 and has become a dominant algorithm for structured data that has
won numerous data science competitions such as the HiggsML challenge [33], and ACM RecSys Challenge
[34]. XGBoost is an updated variant of Gradient Tree Boosting [35] and provides higher speed, more
regularization options, and greater scalability.
In order to train the model, the objective function to be minimized is a regularized loss composed of
the training loss L(Θ) and a regularization term Ω(Θ) to prevent overfitting. XGBoost optimizes the
objective function additively. For the data instance i in iteration t, the prediction fˆ(t) (xi ) of the model is
the recursive sum of the individual predictions of the k trees in the ensemble and function of parameters
{Θ} = f (t) , as follows:
fˆ(t) (xi ) =

t
X

fˆk (xi ) = fˆ(t−1) (xi ) + f (t) (xi )

(3)

k=1

The objective function to be minimized at every iteration t is

L(t) =

N
X
i=1

L(Θ) + Ω(Θ) =

N
X
i=1

L(yi , fˆt (xi )) + Ω(ft ) =

N
X

L(yi , fˆ(t−1) (xi ) + f (t) (xi )) + Ω(f (t) )

(4)

i=1
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This optimization problem is solved using first and second-order gradient statistics as shown on [32].
In our experiments we show that the Deep LSTM network is superior to XGBoost. Nonetheless,
engineers might find that XGBoost performs well for their particular application and gain time savings
from its implementation and training time.
4.1.3

Model Training and Architectures

Algorithm 1 is used for the SIF.
We show results for XGBoost and deep LSTM network on the experiment in Section 5. Figure 2
shows the different learning models f used for the SIF.
Algorithm 1 SIF Algorithm
Obtain training set T
Obtain testing set D
Choose learning model f
Choose loss function L
Obtain interval uncertainty bounds U
for i = 1 : M instances do
Train f to minimize a training loss L(Θ)
Obtain prediction fˆ(xi )
end for

Figure 2: Model Architectures
Left: Simple XGBoost model
Right: Deep LSTM model stacked with feed-forward layer

4.1.4

A Unified Framework: SIF Discretization for IFEM

The SIF predictions are independent of the IFEM mesh. Thus a post-processing discretization of the SIF
to match the elements in the mesh of the IFEM is required. The procedure is as follows: the spatiallyand/or temporally- varying uncertain properties of the domain obtained with the SIF are midpoint input
values to the IFEM in order to obtain the interval responses. In particular, the discretization of the SIF
for the purpose of IFEM analysis is performed by taking the expected value of the predictions of the SIF
corresponding to the size l of each finite element in the mesh, which gives the interval midpoint value
Inmid at element n, as follows:
Inmid = El [fˆ(xi )],

where fˆ(xi ) is the model prediction for sample i.

(5)

After the discretization, a conventional IFEM is performed with the postulated uncertainty bounds.

5

Experiments

The experiments performed consist of using the SIF method to predict the material properties of soilcolumn layers at various locations in a 3D domain to produce the interval field, which later is discretized
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as material input to the IFEM. The soil layer properties were obtained at the University of MassachusettsAmherst by Prof. Dr. Paul W. Mayne of the Georgia Institute of Technology. They were obtained via
cone penetration tests (CPTs) [36], which are performed with two separate measurement devices inserted
from the surface into each soil-column obtaining soil properties with respect to depth for approximately
15 m. In particular, Test 1 measures three different soil properties obtained at about every 0.05 m:
the cone resistance {qc }, sleeve friction {fs }, and porewater pressure {u2 } [36, 37]. In parallel, Test 2
measures the shear wave velocity {Vs } in the soil column at every 1 m [36, 38].
For the learning models, we use a subset of the data and denominate it as the training set T , with the
feature space X consisting of the measurements of Test 1 {qc , fs , u2 }, and the target space Y consisting
of the measurements of Test 2 {Vs }. Once the model is trained, we predict the target values for shear
wave velocity Vs for a subset of unseen data (testing set D) by querying the trained model with only the
features X of subset D. Thus, by using the SIF method, we can produce the interval field based on feature
data alone without making any assumptions about the probability distribution of the target values. A
hypothetical scenario for this application would be one where a subset of the data in Test 2 are corrupted
or missing, or that only performing the Test 1 on a portion of the domain results in significant cost
and time savings. Further, for other applications, such as aerospace batch manufacturing and structural
health monitoring, the SIF approach is superior to the random fields assumptions of the SFEM, since
SIF does not require assumptions on the probability distributions of the unknown properties.
5.1 Datasets
The dataset consist of text files corresponding to the CPT results for 15 different ‘soil-column’ locations
in the same site. Fig. 3 shows examples for features and target values at two distinct locations.

Figure 3: Dataset Samples
Top and bottom: examples of data features (left) and corresponding targets (right).

5.2 Model Evaluation
Randomized Search [39] was used for the hyperparameter optimization of the models. In order to account
for the effect of the uncertainty bounds, the inputs X for the testing set D were queried under four
different cases using the trained deep LSTMs, as follows: (1) Raw inputs X without any postulated
uncertainty added (i.e. midpoint input); (2) Lower bound inputs X with -5% uncertainty bounds added;
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(3) Upper bound inputs X with +5% uncertainty bounds added; (4) Raw inputs X with noise multiplier
 ∼ N (0, 0.05). Table 1 shows that the deep LSTM outperforms XGBoost in these experiments. Fig 4
shows the predictions for the testing column using the different LSTM model inputs. Given that the
uncertainty bounds are small (10% total) the predictions are similar. In the SIF-IFEM example show in
Sec. 5.3, the raw input X is used to obtained the material predictions.
Table 1: R2 Coefficients for Testing Set

Model

R2 Coefficient

LSTM (X)
LSTM (X)
LSTM (X)
LSTM (X+noise)
XGBoost∗

0.915
0.909
0.875
0.896
0.228

∗XGBoost is only tested with raw features.
R2 is the coefficient of determination for the model prediction.

Figure 4: Predictions on the testing set for the different LSTM models used.

5.3 IFEM Example using SIF
The trained model for the SIF was used to predict the shear wave velocities in the testing set D using
raw inputs X. A comparison is done with the SFEM, where the parametrization consists of the mean µ
and standard deviation σ of a Gaussian prior distribution. To obtain the parameters of the prior for the
SFEM, we use the shear wave velocities stored in the training set T and compute its mean and standard
deviation (µ = 117 M P a; σ = 46 M P a). In order to proceed to the FE analysis, the shear wave velocities
{Vs,i } are converted to moduli of elasticity Ei , for every sample i, as follows [36]:
E = 2Gmax (1 + ν)
Gmax = Vs2 ρt
where ρt = γt /g
14
1 + (0.5 log(fs + 1))2
fs = CPT measurement (kPa).
γt = 26 −

(6)

ν = 0.15
Then, without loss of generality, a cantilever structure meshed with 10 beam equal-length elements
is employed to show the difference between the SIF-IFEM and the SFEM, as shown on Figure 2. The
length of the beam is L = 10 m, the length of each element n is l = 1 m, the distributed load is q = 1 kN ,
and the mid-point interval material elasticity for each element En is determined using Eq. 5, and shown
on Table 2 (obtained from raw input predictions). 10% uncertainties are assigned to all the elements En .
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The comparison shows that the SFEM has a 22.7% deviation from the deterministic displacement
solution at the tip of the cantilever, while the SIF-IFEM closely encloses the solution with a postulated
10% level of uncertainty. Moreover, using the SIF discretization procedure for IFEM (SIF-IFEM) of
Sec. 4.1.4, smoothens the mesh element material properties and brings it to close agreement with ground
truth values for the moduli of elasticity En , as shown on Fig. 4. The large deviation of the SFEM from
deterministic displacement values based on ground truth En could even be larger if the soil layers had a
more drastic stiffness change (e.g., from soft soil to hard rock).
Table 2: Material Properties used for IFEM at each beam element

Table 3: Meshed Cantilever Structure

q

E1 E2 E3 E4 E5 E6 E7 E8 E9 E10
L

Element
Number

E (Ground Truth)
(MPa)

E (Prediction)
(MPa)

% Error

1
2
3
4
5
6
7
8
9
10

139.4
134.2
101.3
74.1
78.1
76.3
68.3
75.5
77.5
73.6

142.7
132.4
97.8
72.9
71.4
72.5
73.9
73.9
72.7
70.1

2.4
1.3
3.5
1.6
8.6
5.0
8.2
2.1
6.2
4.8

Figure 5: Deflection Comparison of SIF-IFEM and SSEM with Cantilever Beam
IFEM with 10% uncertainties
For SFEM: µ = 117M P a and σ = 46M P a

6

Conclusions and Discussion

Engineering systems must contend with great deal of uncertainty. Whenever the spatial- or temporallyvarying uncertainty is epistemic and cannot be characterized by a random field, the non-probabilistic
interval analysis framework presents an alternative. However, the corresponding concept of an interval
field was not well-developed yet in one unified framework that could scale to any domain dimension. The
introduction of the SIF and the unified framework of the SIF-IFEM, both presented in this paper, offer a
robust method for an interval field. The power of the SIF lies in not having to make a-priori assumptions
on the probability distribution of the uncertainties, while the IFEM is computationally more efficient
in the finite element solution than the SFEM. Moreover, the SIF-IFEM framework allows to bound the
machine learning model predictions provided by the SIF by any given level of uncertainty bounds.
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